INTRODUCTION
The theory of sound propagation in straight ducts with constant impedance type boundary conditions and a homogeneous stationary medium is classical and well-established (Morse and Ingard 9] Pierce 15]). Per frequency !, the sound eld, satisfying Helmholtz' equation (r 2 + k 2 ) = 0 , may be built up by superposition of eigensolutions or modes. These are certain shape-preserving fundamental solutions. The existence of these modes is a consequence of the relatively simple geometry, a l l o wing separation of variables.
For cylindrical ducts, with associated cylindrical coordinate system (x r ) the modes are given, in the usual complex notation, by exponentials and Bessel functions: NJ m ( r)e i!t;im ;ikx for a simple cylinder, and NJ m ( r) + MY m ( r)]e i!t;im ;ikx for an annular cylinder.
The eigenvalue m, or circumferential wave n umber, is, due to the periodicity i n , a n i n teger the eigenvalue , or radial wave n umber, is determined by the appropriate boundary condition at the duct wall(s), while the axial wave n umber k is related to and ! via a dispersion relation. If we i n troduce a mean ow in the duct (motivated by aircraft turbo-fan engine applications, Nayfeh et al. 11], gure 1), the acoustic problem becomes rapidly much more di cult. Spatially varying mean ow v elocities produce non-constant coe cients of the acoustic equations, which usually spoils the possibility of a modal expansion. Perhaps the simplest non-trivial mean ow i s a uniform ow, in the limit of vanishing viscosity. Then modal solutions are possible, of a form rather similar to the one without ow.
A most important problem here is the way the sound eld is transmitted through the vanishing mean ow boundary layer at the wall, which t h us e ectively modi es the impedance boundary condition at the duct wall into an equivalent boundary condition in the limit to the duct wall. This modi ed boundary condition was rst proposed by Ingard 5] , and later on proved by E v ersman and Beckemyer 2] and Tester 20 ] to be indeed the correct limit for a boundary layer which i s much smaller than a typical acoustic wave l e n g t h .
In certain applications the geometry of a cylindrical duct is only an approximate model, and it is therefore of practical interest to consider sound transmission through ducts of varying cross section. In general, this problem is, again, very di cult, and one usually resorts to numerical methods. However, quite often, especially when the duct carries a mean ow, the diameter variations of the duct are only gradual thus introducing prospects of perturbation solutions. Indeed, several authors have utilized the small parameter related to the slow cross section variations ( , and with hard and impedance walls. The multiple-scales technique provides a very natural generalization of modal solutions since a mode of a constant d u c t i s n o w assumed to vary its shape according to the duct variations, in a way that amplitude and wave n umbers are slowly varying functions, rather than constants.
In Rienstra 18 ] w e proceeded along these lines, and presented an explicit multiple-scales solution of a problem similar to the one considered previously by N a yfeh et al. We considered a mode propagating in a slowly varying duct with impedance walls and containing almost uniform (inviscid, isentropic, irrotational) mean ow with vanishing boundary layer.
A somewhat puzzling aspect of Nayfeh et al.'s solutions was that without ow the di erential equation for the slowly varying amplitude could be solved exactly, whereas with ow t h i s w as not the case. Also, in Rienstra 16 ] the amplitude equation for a similar problem of a duct with (slowly varying) porous walls could be solved exactly. I n 1 8 ] w e showed that, at least in the present t ype of problems, an exact solution appears to be the rule rather than an exception, if the entire perturbation analysis is consistent at all levels. In the problem under consideration, Nayfeh et al. used an ad hoc mean ow v elocity pro le (quasi one dimensional with some assumed boundary layer) which is not a solution of the mean ow equations, and, furthermore, in case of a vanishing boundary layer they used an incorrect e ective boundary condition, although at that time this was not known. Myers 8] showed that Ingard's 5] e ective boundary condition for an impedance wall with uniform mean ow is to be modi ed signi cantly in case of non-uniform mean ow along curved surfaces.
Both Myers' 8] boundary condition and a consistent a p p r o ximation of the mean ow i s e s s e n tial for the explicit solution presented.
In the present study we c o n tinued along these lines, and extended the theory to include an annular cylindrical geometry, in particular the transition from hollow to annular cylinder, and included some illustrative examples. These examples are taken from turbo-fan engine applications.
FORMULATION OF THE PROBLEM
We consider a cylindrical duct with slowly varying cross section. Inside this duct we h a ve a c o mpressible inviscid perfect isentropic irrotational gas ow, consisting of a mean ow and acoustic perturbations. To the mean ow the duct is hard-walled, but for the acoustic eld the duct is lined with an impedance wall.
It is convenient t o m a k e dimensionless: spatial dimensions on a typical duct radius R 1 , densities on a reference value 1 , v elocities on a reference sound speed c 1 , time on R 1 =c 1 , pressure on 1 c 2 1 , and velocity potential on R 1 c 1 . Note that the corresponding reference pressure p 1 satis es 1 c 2 1 = p 1 , where is the speci c heat ratio, a constant.
We t h e n h a ve in the cylindrical coordinates (x r ), with unit vectors e x , e r and e , the duct inner wall radius R 1 and outer wall radius R 2 given by r = R 1 (X) r = R 2 (X) X = "x ;1 < x < 1 0 < 2 where " is a small parameter, and R 1 2 is by assumption only dependent o n " through "x. A s w e will see is " absent in the nal results, and its rôle is only to legitimize and support the present systematic perturbation method. The uid in the duct is described by (see, for example, Pierce 15] ).~ t + r . (~ ṽ) = 0 ~ (ṽ t +ṽ . rṽ) + rp = 0 p = c 2 = dp d~ = ;1 (2.1)
(with boundary and initial conditions), whereṽ is particle velocity, is density, p is pressure,c is sound speed. Since we assumed the ow to be irrotational, we m a y i n troduce a velocity potential To de ne the mean ow an axial mass ux F will be assumed such that the ow is subsonic everywhere. For the acoustic part the duct walls are locally reacting impedance walls with complex impedances Z 1 = Z 1 (X) a n d Z 2 = Z 2 (X){slow v ariations of Z i in X may be included{, meaning that at the wall, at a hypothetical point with zero mean ow,
However, this is not the boundary condition needed here. Since we deal with a uid of vanishing viscosity, the boundary layer along the wall in which the mean ow tends to zero is of vanishing thickness, and we cannot apply a boundary condition at the wall. The required condition is for a point near the wall but still (just) inside the mean ow. For arbitrary mean ow along a (smoothly) curved wall it was given by M y ers 8] (eq. 15):
with the remark that for simplicity w e will exclude here the case Z i = 0 . M o r e o ver, in terms of our small parameter " we will assume Z i = O(1). The above equations and boundary conditions are evidently still insu cient to de ne a unique solution, and we need additional conditions for mean ow and sound eld. This will be done by assuming a certain behaviour. Since we are studying axial variations due to the geometry of the pipe, the natural choice is to consider a mean ow, almost uniform with axial variations only in X, and a sound eld consisting of a constantduct mode perturbed by t h e X-variations. Furthermore, this choice indeed implies the absence of vorticity (apart from the vortex sheet along the wall), allowing the introduction of a velocity potential.
Before turning to the acoustic problem, we will derive in the next section the solution of the mean ow problem as a series expansion in ". As noted before, a consistent m e a n o w expansion is necessary to obtain the explicit multiple scale solution of the acoustic problem.
MEAN FLOW
Since we assumed a mean ow, nearly uniform with axial variations in X only, w e h a ve V = U(X r ")e x + V (X r ")e r :
The cross-sectional mass ux is given by
Since the variations in x are through X only, w e m a y assume the constants E and F to be independent o f ". F urthermore, by writing out the same mass equation (2.3a) in X and r, i t follows that the small axial mass variations can only be balanced by small radial variations, so V = O("), and hence U(X r ") = U 0 (X) + O(" 2 ) V (X r ") = "V 1 (X r) + O(" 3 ) and so, with equations (2.3b) and (2. ; dR i dX U 0 + V 1 = 0 a t r = R i (X) ( i = 1 2) (one of which is already satis ed through the application of (3.1) leading to (3.2)), we obtain the solution
The above solutions U 0 , P 0 , D 0 may be recognized as the well-known one dimensional gas ow equations (e.g., Liepmann et al. 7] ). It should be stressed, however, that the radial velocity component V 1 is essential for a consistent mean ow description, and therefore necessary here.
THE ACOUSTIC FIELD
In this section we will derive the main result of the present paper: the explicit multiple-scales solution for a mode-like w ave described by equation (2.4) with (2.6). When we eliminate p and we h a ve the following di erential equation and boundary conditions for . The branch (i.e. sign) of is to be selected such, that Im 0, Re 0 (IV-th quadrant) if the mode is propagating in positive direction, and Im 0, Re 0 (II-nd quadrant) if the mode is propagating in negative direction. A single exception is to be made if impedance, frequency, and mean ow are such that the vortex sheet between mean ow and impedance wall becomes (Helmholtz) unstable, corresponding to a in either the I-st or III-d quadrant ( 17] , 21], 6] and others). Although it wouldn't alter the present results, we will not consider these cases here.
Note that in the cylindrical duct case, with R 1 = 0 , w e h a ve j u s t M(X) = 0 s o t h a t A 0 (X r) = N(X)J m ( (X)r) and is determined from R 2 J 0 m ( R 2 ) ; 2 J m ( R 2 ) = 0 : (4.6) The amplitude functions N(X) and M(X) are determined from the condition that there exists a solution A 1 . This is not trivial since we assumed the solution to behave in a certain way, namely, to depend on X rather than x. N o w suppose that we w ould proceed and solve the equation for A 1 , and subsequently nd the necessary forms of N and M, t h e n i t w ould appear that we end up with similarly undetermined functions in A 1 . S o t h i s a p p r o a c h looks rather ine cient. Indeed, it is not necessary to work out the equations for A 1 in detail. We only need a solvability condition (Nayfeh 10]), su cient to yield the required equation for N.
Since the operator rL is self-adjoint i n r, w e h a ve Further evaluation of this expression (using (4.4) ) and the corresponding right-hand side of (4.3) gives nally, after some calculation, the following equation Use is made of equations (3.2) and some further simpli cations we t h us obtain for N(X) Note that is real here. Fo r a h o l l o w cylinder, without inner wall, the above general result (4.8)
reduces, in the limit R 1 ! 0, to
So the present solution is equally valid for hollow a n d a n n ular cylindrical ducts, and hence includes the unique feature that it provides (apparently for the rst time) a systematic approximation to the hollow-to-annular cylinder transition problem in the turbo-fan engine duct inlet. This aspect will be illustrated in the next section by an example. If convenient, we m a y observe that for a hard walled hollow cylinder the combination R 2 is a constant, independent o f X, s o w e can absorb some constant factors into Q 0 to obtain
Of course, with a transition from a hollow t o a n n ular cylinder this is not advisable, because then it is required that we deal with the same Q 0 .
EXAMPLE
In this section we will discuss an example of the previous theory. A lined inlet duct of a CFM56-inspired turbo-fan engine, from inlet plane via hard-walled spinner to the fan plane (the low pressure compressor), is given by R 2 , R 1 , Z 2 = 2 ; i and Z 1 = 1 ( gure (2) 11 ). Assuming the dimensionless density D = 1 far upstream, its value slightly below 1 at the inlet plane, and the inlet Mach n umber 0:6, we c hoose F = 0 :6764 and E = 2 :5136. Density and Mach n umber are given in gure (2) 12 . A rotor blade number of 26, and a rotor tip Mach n umber slightly below 1 is taken, such that the rst harmonic has frequency ! = 2 5 a n d m = 26. The rst radial left running mode is considered, together (for comparison) with its right running companion. In gures (2) To be sure that we are looking at the same left-and right-running mode, both are found rst, at the initial x-position, for no-ow conditions (F = 0), when both modes coincide. Then the modes are traced for increasing F . This can be seen in gure (2) Clearly, the approximation breaks down because the two coalescing modes couple (the energy of the incident mode is distributed over the two) in a short region. A local analysis, not given here, is necessary to determine the resulting amplitudes. In general the two modes propagate in the same direction but not necessarily. The second mode may r u n b a c kwards while at the same time the incident mode becomes cut-o in such a w ay that beyond the point no energy is propagated. Points with this behaviour are usually called turning points, since the incident mode is totally re ected into the backward running mode (we assume, of course, the absence of tunnelling by other interfering turning points).
Turning points occur in practice with hard-walled ducts (Z = 1), where a real tends to zero to become pure imaginary ( is always real). At = 0 , N is singular (eq. (4.9, 4.11)), and the incident mode couples to a backwards running mode. For real we h a ve P Re 6 = 0 whereas for pure imaginary P = 0 so the mode must re ect indeed. Note that this behaviour is irrespective of the presence of mean ow.
In conclusion, we h a ve found an explicit solution for the multiple scale problem of modal sound propagation through slowly varying lined ducts with isentropic mean ow. It is shown that a consistent approximation of boundary condition and mean ow a l l o ws the multiple-scales problem to have a n exact solution.
Since the calculational complexities are no more than for the classical straight duct model, the present solution provides an attractive alternative to a full numerical solution if diameter variation is relevant. The present solution is equally valid for hollow and annular cylindrical ducts, and hence includes the unique feature that it provides a systematic approximation to the hollow-to-annular cylinder transition problem in the turbo-fan engine duct inlet. This aspect is elaborated by a n example.
The solution remains equally valid for hard-walled or no-ow ducts, but needs adaptation for a completely soft wall with Z = 0. The approximation breaks down at double eigenvalues when the mode couples with other modes. This occurs for example at cut-o points in a hard-walled duct.
APPENDIX
Well-known integrals of Bessel functions (Watson 23] 
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